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Abstract 

Integrability of the quantum Boussinesq equation for c = —2 is demonstrated 
by giving a recursive algorithm for generating explicit expressions for the 
infinite number of commuting charges based on a reduction of the Woo algebra. 
These charges exist for all spins s > 2. Likewise, reductions of the VFoo/2 
^(i+cx>)/2 algebras yield the commuting quantum charges for the quantum 
KdV equation at c = — 2 and c = ^, respectively. 

I. INTRODUCTION 

Both the classical KdV and Boussinesq equations are integrable Hamiltonian systems, 
i.e., there are an infinite number of integrals of local polynomials in the fields and their 
derivatives, or charges, whose Poisson brackets with both the Hamiltonian and each other 
vanish [^. Of course, this implies an infinite hierarchy of equations, however we refer only 
to the lowest-dimensional member. The algebra of fields induced by the second Poisson 
bracket for the KdV and Boussinesq equations give, respectively, the Virasoro and classical 
Ws algebra. We will study quantum versions of the KdV and Boussinesq theories, which 
share the classical theories' integrability. 

Sasaki and Yamanaka first considered the quantum KdV equation, in which the second 
Poisson brackets are replaced by the commutator as «{, } [, ] and classical Hamiltonian 
/ v?[x)dx is replaced by 2^ §{TT)[z)dz, where the parentheses denote a normal-ordering of 
the quantum fields, to be defined below 0. They found the existence of quantum charges 
Hg of spin s, one for each odd spin 1 < s < 9, and postulated that charges exist for each 
odd spin. They also noticed that these conserved charges took a particularly simple form 
when the central charge, c = —2. 

The quantum Boussinesq theory has fields whose commutators are those of the W3 ex- 
tended conformal algebra and likewise has a integrable classical limit as the central charge 
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c — s> oo and the commutators are replaced with Poisson brackets. The equations of motion 
for the fields T{z) and W{z) in this theory are 



T 
W 

P 



— i Wdz. 
2m J 
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The dot indicates the derivative with respect the "time" variable, actually z. (Note that the 
field theory is formulated using light-cone quantization and that the fields T and W depend 
on both z and z, however we drop the z dependence for notational simplicity.) The fields 
T and W are the currents of the extended conformal algebra with central charge c and 
with operator product expansions (OPEs) [|] 
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Parentheses around operators denote normal ordering defined by 

dx 
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Assuming spatial periodicity, Fourier modes for the fields may be introduced, which then 
gives the usual commutation relations for W3 modes. 

Kupershmidt and Mathieu considered the quantum Boussinesq theory for generic central 
charge and found quantum charges for the first few lowest spins s for s 7^ mod 3 ||^ . The 
classical Boussinesq equation also lacks charges for these values of the spin. 

The quantum charges for the quantum KdV and Boussinesq theories may be related, 
through a quantum Miura transformation, to the charges of Ai and A2 Toda field theory, 
respectively. Quantum Toda field theories have been proven to be integrable, i.e., there exist 
an infinite number of mutually commuting charges which also commute with the Hamiltonian 
1^. However, this proof is not constructive in the sense that explicit forms for the conserved 
charges are not given. 

In this paper the commuting charges for the quantum Boussinesq theory for c = —2 
are constructed using the reduction of the Woo algebra to normal-ordered products of W3 
currents as described in Ref. 0. We find similar reductions of the infinite-dimensional 
algebras VF00/2 and W^(i+oo)/2 which allow a construction of the commuting charges for the 
quantum KdV theory at c = —2 and c = 1/2. Finally, the construction of the commuting 
conserved charges for the associated Ai and A2 Toda field theories are briefly described. 
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II. QUANTUM CONSERVED CHARGES FROM 

First the construction of Wn from Woo at c = —2 given in Ref. is reviewed. The 
authors used a representation of the 1^00 currents with spin i + 2, for c = —2 in terms 
of fermionic ghost fields h{z) and c{z) as 

= Y,aj{{)d^c{z)d'^^-^h{z) (9) 
i=i 

with aj{i) the constants 

and (a)„ = r(a + ?2)/r(a) |^. The only non-zero OPE of the fermion fields is h{z)c{w) ~ 
l/{z — w). g is an arbitrary parameter which fixes the normalization of the currents; = 
1/16 in Ref. however throughout this paper = 1/24 is chosen to agree with the 
normalization of Eqs. l^-j^ with the definitions T{z) = V^^\z) and W{z) = V^^\z). By 
requiring the vanishing of quartic fermion terms resulting from the normal-ordered product 
of two Woo currents in the fermion representation Eq. ^ it was shown that the Woo current 
V^(*) for i > 2 may be expressed in terms of only currents of lower spin as 

p=0 p=l 

where [x] denotes the integer part of x. The coefficients Pi, and 7^*^ are 

, (i) ^ aj-i-pji - 2) , . 

^ 2ai(p)a,_i_,(z-2-p)' ^ ^ 
(,) ^ /3iSi.,it)i2t + 3 - 2p)\ 

(2^ + 3-p)!c,_p • ^ ^ 



Ci is defined by 
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with the central charge c = —2 and 



(15) 



i-2 p+1 i-l-p j+1 

SA^) = E E E E b'^\-^)''''MpM^ - 2~p)aUj) (16) 

p=Ofc=l i=l m=l 

(z - / + 1 + m)!(j -M + / - m)! 



X 



(i — p -|- A; — /) 
/ .pii - p - 1 - I + m)\{p + I + 3 + j - my." 
^ ^ (p - A; + / + 2) 



For example, the first few lowest spin currents may be written as 
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If one defines the mode expansion for Woo currents as 
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the commutation relations for the modes then have the standard form for Virasoro quasi- 
primary fields P] 
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where C^j = for i + j — k an odd number. Pijkifn, n) are the universal polynomials 
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with 



(2A, - 1) 
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k s- 



' ' (A, + A, + Afc-2)! 
Aj = 2 + 2 is the conformal dimension of the field V(*). The structure constants are 
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for i+ j — k even and otherwise. The central term is Dij = SijCi with q defined in Eq. [T5| . 

The Woo algebra has an infinite-dimensional Abelian subalgebra consisting of the modes 
V^tv These are the commuting charges of the quantum Boussinesq equation. The charges 
V"i*Li in the c = — 2 fermion representation, Eq. |, are those used in Ref. |jlO| to construct 
charges of the quantum KdV equation. They are 
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with the tilde denoting proportionahty up to an (inessential) constant. In fact the modes 
v!:^_i of the dimension i + 2 currents of any Lie algebra of Virasoro quasi-primary fields 
form an Abelian subalgebra if the structure constants Cl^-^^'^ vanish. 

The procedure to generate the quantum conserved charges for the Boussinesq theory is 
similar to the construction of the c = —2 currents in terms of Woo currents described 
in Ref. First the Woo currents T = V^^^ and W = V^^^ are regarded as fundamental 
and the currents with higher spin are replaced by their expressions quadratic in lower spin 
currents using Eq. |ll]. This is a recursive procedure which results in a representation of 
the Woo algebra by normal-ordered products of W^ currents. The commuting charges are 
then the contour integral of these reduced Woo currents as given in Eq. ^ This procedure 
readily yields the charges for quantum Boussinesq theory as follows 
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These expressions have been multiplied by constants for convenience since this does not 
affect their commutativity. The following equation for the normal-ordered commutator 



{[AB]){z) 
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in terms of the operators {AB}n{z) appearing in the OPE of A{y) and B{z) 

A{y)B{z) 



^ {AB}n{z) 
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with M is a positive integer, as well as the rearrangement relation 

{A{BC)){z) - {B{AC)){z) = {{[AB])C){z) 
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have been used to simplify the resulting expressions. Unlike for generic values of the central 
charge, one finds that charges exist for all integer spins s > 1 for c = —2. 

Wn minimal models, whose Verma modules contain an infinite number of singular vec- 
tors, exist for certain values of the central charge c specified by two relatively prime integers 
p and p' according to 

c = Ar-l- '-^~^^ N(N^ - 1). (28) 
pp' 

In the case of c = —2 Wn minimal models exist for all iV [p' = N — 1, p = N). Consider 
the conservation of the charge H^. The commutator depends only on the simple pole term 
and gives 



±JdziTT)iz),±JdyWiy)\ (29) 
= ^i>dz\ (-l2d{TW) {z) - d'^Wiz) + S(^)) (30) 

with S(2) = -S{TdW){z) + l2{dTW){z) + d^W{z). The total derivative terms as well as 
S(z) vanish resulting in a conserved H^. S(z) vanishes since it is a null descendent of the 
Virasoro primary field W{z) at level 3. In other words, defining 

then S(z) = (— 8I/_2-f'-i + 12L_3 + Li^_^)W{z) = 0. One may show that '^{z), and all other 
singular vectors, vanish identically in the fermion representation since all products of modes 
of fermion fields with equal number of modes of b{z) and c{z) may be expressed in terms 
of modes of T{z) and W{z). The singular vectors are then states in the nonsingular Fock 
space with zero inner product with all other states and thus are the unique state with zero 
norm in the fermion Fock space. 



III. REDUCTION OF 

The Woo algebra contains an infinite-dimensional subalgebra W00/2 consisting of only the 
even spin currents of Woo- One may see from Eq. |l^ that a different set of normal-ordered 
products of lower-dimensional currents is necessary for the reduction of Woo/2, however the 
central charge is the same as in the Woo reduction, namely c = —2. The general form of the 
reduction is 

=(3^Y, ^i2^)^J.Q2py(^2^-2p-2)^ ^ Q2py(^2^-2p) _ (33) 

p=0 p=l 

Although there is no simple expression for the coefficients they may be found in the same 
manner as for the reduction of Woo- The coefficients fe^^*^ are determined by the vanishing 
of quadratic fermion terms in the sum of normal-ordered products of currents. This leads 
to a linear system of equations 
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(33) 



with aj{i 



given by Eq. |T0|. This has a unique solution up to an overall multiplicative 
factor which may be absorbed in the coefficient f3i. The remaining coefficients may then be 
found by considering the central term in the operator product expansion of two currents as 
explained in Ref . . The reduction of VF00/2 for the lowest spin currents is then 
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Following the same procedure as in the preceding section, one then obtains the quantum 
commuting charges for the quantum KdV at c = —2. These are the charges found previously 
in Ref. fig, namely i/sn-i = ^J{- ■ ■ {,{iTT)T)T) . . .T){z)dz with n factors of T. 



IV. REDUCTION OF W^(i+oo)/2 

14^1+00 is another infinite-dimensional Lie algebra generated by fields quasi-primary with 
respect to T = V^'^'' of spins i > 1 |jlll|. One finds a reduction of this algebra for c = |. The 
commutation relations for the modes are given by Eq. |T9| with structure constants 

, ^ ,+,_fc (2 + j-fc + 4)! CMIU-W + J-k + iM-W + J - k))r 



= Sij ,,0. , 1MI C. (36) 



and central terms 

(2g)^^( (2 + l)!)^(2z + 2)!! 
4(2i + 1)!! 

Since we would like to consider only currents of conformal dimension Aj > 2 we restrict 
to the subalgebra W^(i+oo)/2 of even-dimensional currents. We find a representation of this 
subalgebra at central charge c = | by a real fermion ip as 
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with ip{z)'4'{w) ~ l/{z — w). Note that this is not the usual representation of M^i+oo by 
complex fermions, which has central charge c = 1 [T^. Again, using the methods of Ref. 
and a reduction of the form in Eq. |Tl] with a summation only over even-spin currents, we 
obtain the following reduction for the lowest spin currents: 
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The quantum commuting charges for c = | quantum KdV may be found from this reduction 
using the same method as for the reduction of the Woo algebra. The corresponding charges 
are: 
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V. COMMUTING CHARGES FOR Ai AND A2 TODA FIELD THEORIES 

The quantum commuting charges found above may be used to construct charges for Ai 
and A2 Toda field theories via the quantum Miura transformation. However these charges 
only commute modulo singular vectors of the corresponding Virasoro or algebras, respec- 
tively. The holomorphic part of the imaginary coupling Toda field theory interaction 
Hamiltonian, in light-cone coordinates, is 

N ^ 

Vo = Y.— fdz:exp {-t(3a, ■ 0(z)) : . (40) 
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(ttj, i = 1, . . . , N) is a basis of simple roots for An, which we may normahze to = 2, 
/3 is a real coupling constant, and is a set of N hermitian scalar fields. This theory is a 
conformal field theory with central charge c = N [1 - {N + 1){N + 2) (2/3 - l/pf] ^ . 

The algebra of the quantum charges for Ajy Toda field theory is the VI^at+i algebra 
whose currents are found from the quantum Miura transformation. This has the following 
generating expression: 

N+l 

- E Uk{z){^odf^'-' = {{lod - 61 ■ td<P{z)) ■ ■ ■ (70^ - e^+i ■ td<P{z))) (41) 

k=0 

where (e^, i = 1, . . . , + 1) are the weights of the vector representation of Ajy with = 
ej — ej+i, i = 1, . . . ,N, ei ■ tj = 6ij — 1 / {N + 1) , and Y^e = [Q. 70 is a constant related to 
the central charge by c = N{1 - {N + 1){N + 2)^^). Then T = U2,W = U3- ^{N -l)-fodU2, 
and the higher spin currents of the Wn algebra are found by projecting to Virasoro quasi- 



primary combinations of the Ui [0. The Ui{z), and hence any products of modes of them, 
commute with each term in the Toda Hamiltonian Eq. These terms in the potential are 
generalization of the screening currents of the Feigin-Fuchs formulation of minimal conformal 
models, i.e., they have conformal dimension one. 

Consider, more specifically, A2 Toda field theory. Any sum of normal-ordered products 
of T and W and their derivatives commute with the Hamiltonian Vq. The difficulty is 
to find a commuting set. Charges which commute, modulo singular vectors of the W3 
representation, are provided by Eq. |2^ for c = —2. Unlike in the fermion representation 
of Eq. the singular vectors do not vanish identically in the boson representation. The 
boson operators corresponding to these singular vectors should be set equal to zero, which 
results in an irreducible representation of the W3 algebra. Thus, one obtains an infinite set 
of charges which commute modulo singular vectors for Ai Toda field theory with couplings 
/3+ = (v^/8)(l + yiT) or (3+ = {VS/24:){1 + ^97) and for the A2 theory with coupling 



/?+ = y2/3 using the preceding reductions. Because of a coupling duality, these are also 
charges for the corresponding Toda field theories with coupling /3_ = —1/(2/9+). 



VI. CONCLUSION 

We have presented a single reduction of each of Woo, W00/2, and Vr(i+oo)/2 for given values 
of the central charge. One may show that these are the only reductions of these algebras. 
This is demonstrated by considering the general form of the reduction of the spin 4 current 
as 1/(2) = bi{TT) + -f2d^T. Then by requiring that LiV^^) ^ g and that D02, D22, C^2, and 
C22 match those for the appropriate algebra, one finds only the single solution, stated in the 
previous sections, for each algebra. 

Furthermore, one may also try to find other infinite-dimensional Lie algebras of quasi- 
primary fields formed from modes of VF3 fields T and W . However, by examining the 
commutators for the unique spin 4 field, one finds that there is only one algebra, the Woo 
algebra with c = —2, with exactly one quasi-primary field for each conformal dimension 
Aj > 2 generated by modes of T and W . 

There are several interesting questions to investigate further. Since we have explicit 
expressions for commuting quantum charges of the quantum Boussinesq and quantum KdV 
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theories, one may be able to find the common eigenvalues and eigenstates of these charges. 
In addition, it is not known whether there are similar infinite-dimensional Lie algebras 
of Virasoro quasi-primary fields, which likewise give the commuting quantum charges, for 
theories whose fields are currents of other finite-dimensional W algebras. Finally, since 
W algebras for certain values of the central charge may be represented via the Kac-Moody 
algebra coset construction, one may find that the Abelian subalgebra of the quantum charges 
has a simpler form in that case |16[|. 
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